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Abstract
The method of matched asymptotic expansions is applied to the problem of a
collisionless plasma generated by UV illumination localized in a central part of the
plasma in the limiting case of small Debye length λD. A second-approximation
asymptotic solution is found for the double layer positioned at the boundary of
the illuminated region and for the un-illuminated plasma for the plane geometry.
Numerical calculations for different values of λD are reported and found to con-
firm the asymptotic results. The net integral space charge of the double layer is
asymptotically small, although in the plane geometry it is just sufficient to shield the
ambipolar electric field existing in the illuminated region and thus to prevent it from
penetrating into the un-illuminated region. The double layer has the same mathe-
matical nature as the intermediate transition layer separating an active plasma and
a collisionless sheath, and the underlying physics is also the same. In essence, the
two layers represent the same physical object: a transonic layer.
1 Introduction
In the first part of this work [1] a collisionless plasma, generated by UV illumination
localized in a central part of the plasma, was analyzed. The ions were assumed to be cold
and the fluid description was used. Both plane and cylindrical geometries were treated.
An approximate analytical solution was found under the approximation of quasi-neutrality
and the exact solution was computed numerically for one value of the Debye length λD
for each geometry, this value being much smaller than widths of both illuminated and
un-illuminated regions. It was found that the ions generated in the illuminated region are
accelerated up to approximately the Bohm speed inside the illuminated region. In plane
geometry, the ions flow across the un-illuminated region towards the near-wall positive
space-charge sheath with a speed which is virtually constant and slightly exceeds the Bohm
1
speed. In cylindrical geometry, the ions continue to be accelerated in the un-illuminated
region and enter the near-wall space-charge sheath with a speed significantly exceeding
the Bohm speed. In both geometries, a double layer forms where the illuminated and
un-illuminated regions meet.
A very unusual, if not unique, feature that this simple system reveals in plane geom-
etry is the coexistence of two quasi-neutral plasmas of the same size with the ambipolar
electric field being confined in one of them (the illuminated plasma), while the other (the
un-illuminated plasma) is to high accuracy electric field-free and uniform. The latter is
particularly surprising since in all known models a near-wall space-charge sheath is bor-
dered by a nonuniform quasi-neutral presheath where the ions going to the sheath are
accelerated and the voltage drop is of the order of the electron temperature measured in
volts. (We set aside cases where the ions are produced on the surface, as in Q-machines or
experiments with heated cavities [2], or inside the sheath, as in near-cathode layers of dis-
charges burning in cathode vapour [3].) Moreover, the difference between illuminated and
un-illuminated regions in terms of ion momentum is in the presence or absence of ioniza-
tion friction force, and the fact that the ion fluid is accelerated in the illuminated plasma,
where the ionization friction force is present, and is not accelerated in the un-illuminated
plasma, where the friction force is absent, is somehow counterintuitive.
The above feature is extremely interesting, also from the methodological point of view;
note that the classical Bohm sheath solution [4] is sufficient to describe both the sheath
and the adjacent (un-illuminated) plasma in such situation. A key to this feature is the
double layer, which shields the ambipolar electric field induced in the illuminated region
and prevents it from penetrating the un-illuminated region.
The quasi-neutral analytical solution [1], while clearly being useful, does not describe
the double layer, hence a more sophisticated treatment is needed in order to fully under-
stand this feature and the underlying physics. It is clear that this feature originates in
the smallness of λD, therefore the relevant procedure is to find an asymptotic solution to
the considered problem in the limiting case of small λD. The technique of choice to this
end is the method of matched asymptotic expansions (e.g., [5–10]), which is a standard
tool in problems with singular perturbations. Note that this method has been successfully
used in the theory of plasma-wall transitions in collisionless plasmas; e.g., reviews [11–15].
In particular, relevant in the present context are works [16, 17], where a transition layer
separating active plasma and a collisionless sheath was introduced; [18], where a more ad-
equate and simpler mathematical description of this layer was suggested; and [19], where
the plasma column in electronegative gases was studied including in the exceptional case
where the column comprises an inner plasma, a double layer, an outer plasma, and a
near-wall sheath.
An approximate analytical solution in the limiting case of small λD found by means
of the method of matched asymptotic expansions is reported in this paper, which is thus
complementary to [1]. Also reported are results of numerical calculations for different
values of λD. Questions to be answered include: what is the physics of the double layer;
why the ion speed in the un-illuminated plasma deviates from the Bohm speed; how this
deviation can be estimated.
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The outline of the paper is as follows. Equations and boundary conditions are briefly
described in Sec. 2. An asymptotic solution for plane geometry is given and compared with
numerical results in Sec. 3. An asymptotic solution for cylindrical geometry is outlined
in Sec. 4. A concluding discussion is given in Sec. 5. Mathematical details are placed in
two Appendices in order not to overload the text.
2 Equations and boundary conditions
We refer to [1] for the description of the physical situation. In brief, we consider a plane
or cylindrical plasma produced by UV radiation. Governing equations are written in
the fluid approximation and are well-known and the same as in [1]; they include the ion
conservation equation, the ion momentum equation written without account of collisions,
the equilibrium equation for the electrons, and the Poisson equation:
1
xβ
d
dx
(
xβnivi
)
= G, (1)
minivi
dvi
dx
= eniE −Gmivi. (2)
d
dx
(nekTe) + eneE = 0, (3)
ε0
xβ
d
(
xβE
)
dx
= e (ni − ne) , (4)
where β = 0 and x is the distance from the plane of symmetry for plane geometry, β = 1
and x is the distance from the axis for cylindrical geometry, G is the ionization rate, and
other designations are the usual ones.
It is convenient for the purposes of this work to replace the ion momentum equation
Eq. (2) by an equivalent equation which can be derived following [18, 20] and reads
(
vi
c2s
− 1
vi
)
dvi
dx
=
ε0
eni
{
d
dx
[
1
xβ
d
(
xβE
)
dx
]
+
eE
kTexβ
d
(
xβE
)
dx
}
− G
csni
(
vi
cs
+
cs
vi
)
+
β
x
. (5)
Here cs =
√
kTe/mi is the Bohm speed. Note that for β = 0 this equation coincides with
the corresponding equation from [18] except that Eq. (5) does not account for ion-atom
collisions.
We consider a situation where the illumination is localized in a central part of the
plasma and is uniform there, so G = G0 for 0 ≤ x < ∆ and G = 0 for ∆ < x ≤ L, where
G0 is a (positive) constant, ∆ is the halfwidth of irradiated region and L is the halfwidth
of the system in the plane case, and ∆ is the radius of the irradiated region and L is
the discharge tube radius in the cylindrical case. Note that ni, ne, vi, and electrostatic
potential ϕ are, of course, continuous at x = ∆; the derivatives dϕ/dx and d2ϕ/dx2 are
also continuous, which follows from Eq. (4); the derivative dne/dx is continuous as well,
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which follows from Eq. (3); the derivatives dvi/dx, dni/dx, and d
3ϕ/dx3 are discontinuous,
which follows from, respectively, Eqs. (2), (1), and (4).
Boundary conditions are also well-known and the same as those in [1]:
x = 0 :
dni
dx
= 0, vi = 0, ϕ = 0, E = 0; (6)
x = L : nivi =
1
4
ne
(
8kTe
pime
)1/2
. (7)
Eq. (1) can be integrated directly and the result may be written in terms of the
Heaviside step function H(x) (H(x) = 0 for x < 0; H(x) = 1 for x > 0):
nivi =
G0x
1 + β
+
G0
1 + β
(
∆1+β
xβ
− x
)
H(x−∆) . (8)
Introduce dimensionless variables
ξ =
x
∆
, Ni =
ni
n0
, Ne =
ne
n0
, V =
vi
cs
, Φ =
eϕ
kTe
, (9)
where n0 = G0∆/ (1 + β) cs is a characteristic density of the charged particles. (Note
that this normalization differs from the one used in [1] in that it employs normalization
factors involving only control parameters.) The governing equations assume the form
NiV = ξ +
(
1
ξβ
− ξ
)
H(ξ − 1) , (10)
V 2 − 1
V
dV
dξ
=
ε
Ni
{
− d
dξ
[
1
ξβ
d
dξ
(
ξβ
dΦ
dξ
)]
+
dΦ
dξ
1
ξβ
d
dξ
(
ξβ
dΦ
dξ
)}
(11)
− 1 + β
ξ
(
V 2 + 1
)
H(1− ξ) + β
ξ
,
dNe
dξ
−NedΦ
dξ
= 0, (12)
ε
ξβ
d
dξ
(
ξβ
dΦ
dξ
)
= Ne −Ni, (13)
where λD = (ε0kTe/e
2n0)
1/2
and ε = (λD/∆)
2.
The next section, Sec. 3, is concerned with plane geometry, β = 0. The asymptotic
solution for cylindrical geometry, β = 1, is outlined in Sec. 4.
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3 Asymptotic solution: plane geometry
3.1 Asymptotic structure of the solution
Asymptotic zones that need to be considered may be conveniently illustrated by invoking
results of numerical calculations. The calculations have been performed in the same way
as in [1] and an example is depicted by solid lines in Fig. 1. One can clearly see four regions
with apparently different physics: the illuminated plasma, 0 ≤ ξ < 1; the un-illuminated
plasma, 1 < ξ < 2; a thin intermediate (double) layer positioned in the vicinity of the
point ξ = 1 and separating the two plasmas; and a thin space-charge sheath positioned
at the wall, i.e., at ξ close to 2.
In the course of application of the method of matched asymptotic expansions the same
four regions appear as asymptotic zones described by different asymptotic expansions. The
illuminated and un-illuminated plasmas are described by straightforward expansions, i.e.,
the first term of each of these expansions is of the order unity and governed by equations
which are obtained from Eqs. (10)-(13) by setting ε = 0. The latter is, of course, consistent
with the plasmas in both the illuminated and un-illuminated regions being quasi-neutral.
The double layer is described by the same asymptotic expansion as the one which
describes the transition layer separating active plasma and a collisionless sheath [17].
The first term of the expansions of each of the quantities V , Ni, Ne, and Φ is constant.
Therefore, the double layer appears only in the second approximation and may be ignored
in the first one.
The near-wall space-charge sheath is to the first approximation the well-known Bohm
space-charge sheath. Its asymptotic description in the present problem is similar to the
description given in [4] and is skipped for brevity.
3.2 The first approximation
The region of illuminated plasma, 0 ≤ ξ < 1, is described by the straightforward expansion
V (ξ, ε) = V1 (ξ) + α1V2 (ξ) + . . . , (14)
Ni (ξ, ε) =
ξ
V1 (ξ)
[
1− α1V2 (ξ)
V1 (ξ)
]
+ . . . , (15)
Ne (ξ, ε) = Ne1 (ξ) + α1Ne2 (ξ) + . . . , (16)
Φ (ξ, ε) = Φ1 (ξ) + α1Φ2 (ξ) + . . . , (17)
where α1 = α1 (ε) is a small parameter which is to be found in the course of analysis as
a part of solution.
Substituting expansion (14)-(17) into Eqs. (11)-(13), expanding and retaining the lead-
ing terms, one obtains equations
V 21 − 1
V1
dV1
dξ
= −1
ξ
(
V 21 + 1
)
, (18)
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dNe1
dξ
−Ne1dΦ1
dξ
= 0, (19)
Ne1 − ξ
V1
= 0. (20)
A solution subject to boundary condition Φ1 (0) = 0 reads
V1 =
C1ξ
1 +
√
1− (C1ξ)2
, Ne1 =
1 +
√
1− (C1ξ)2
C1
, Φ1 = ln
1 +
√
1− (C1ξ)2
2
, (21)
where C1 is an integration constant, 0 < C1 ≤ 1. Note that V1 (1) (i.e., the value of the
function V1 (ξ) for ξ = 1) increases with increasing C1 and its maximum value is attained
at C1 = 1 and equals 1.
The region of un-illuminated plasma, 1 < ξ < S = L/∆, is described by the straight-
forward expansion
V (ξ, ε) = V3 (ξ) + α2V4 (ξ) + . . . , (22)
Ni (ξ, ε) =
1
V3 (ξ)
[
1− α2V4 (ξ)
V3 (ξ)
]
+ . . . , (23)
Ne (ξ, ε) = Ne3 (ξ) + α2Ne4 (ξ) + . . . , (24)
Φ (ξ, ε) = Φ3 (ξ) + α2Φ4 (ξ) + . . . , (25)
where α2 = α2 (ε) is a small parameter which is to be found as a part of solution. The
leading terms of this expansion are governed by the equations(
V3 − 1
V3
)
dV3
dξ
= 0, (26)
dNe3
dξ
−Ne3dΦ3
dξ
= 0, (27)
Ne3 − 1
V3 (ξ)
= 0. (28)
Expansion (22)-(25) is to be matched with a double layer expansion in the vicinity
of the point ξ = 1 and with a sheath expansion in the vicinity of the point ξ = S.
However, the double layer needs to be taken into account only in the second and higher
approximations, so the first terms of the expansions describing the illuminated and un-
illuminated plasmas should be patched directly, meaning that V1 (1) = V3 (1), Ne1 (1) =
Ne3 (1), Φ1 (1) = Φ3 (1). Solutions to Eqs. (26)-(28) subject to these boundary conditions
are trivial: V3 = V1 (1), Ne3 = Ne1 (1), Φ3 = Φ1 (1).
In order that a matching with the sheath expansion be possible, V3 must satisfy the
Bohm criterion, i.e., it should be V3 ≥ 1. Since V1 (1) ≤ 1 as discussed above, it follows
that V1 (1) = V3 = 1 and C1 = 1. It follows also that Ne3 = 1, Φ3 = − ln 2.
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The first-approximation solution is complete now. In [1], the same solution was ob-
tained by patching solutions for the illuminated and un-illuminated plasmas obtained
with the use of the condition of quasi-neutrality and the Bohm criterion.
This solution is depicted by the dotted lines in Fig. 1. As expected, it provides a rea-
sonable approximation of the ion speed. However, in the double layer this approximation
is not smooth, and the approximation of the electric field is not suitable altogether.
Poor approximation of derivatives of approximate solutions is a deficiency inherent
to patching. In the method of matched asymptotic expansions, this deficiency can be
removed by going to the second approximation.
3.3 The second approximation
It is natural to seek an asymptotic expansion describing the double layer in the same form
as that of the expansion which describes the transition layer separating active plasma and
a collisionless sheath [17]:
V (ξ, ε) = 1 + ε1/5V5 (ξ5) + . . . , (29)
Ni (ξ, ε) = 1− ε1/5V5 (ξ5) + . . . , (30)
Ne (ξ, ε) = 1 + ε
1/5Ne5 (ξ5) + . . . , (31)
Φ (ξ, ε) = − ln 2 + ε1/5Φ5 (ξ5) + . . . , (32)
where ξ5 = (ξ − 1) /ε2/5. The form of this expansion was derived in [17] with the use
of considerations stemming from matching and in [18] by means of estimates of different
terms of equation (5). A convenient illustration of this expansion is provided by Fig. 1:
the expansion implies that variations of the quantities V , Ni, Ne, and Φ in the double
layer are of the order of ε1/5 and the electric field is of the order of ε−1/5, and this is
consistent with Fig. 1.
Substituting this expansion into Eqs. (11)-(13), expanding and retaining the leading
terms, one obtains equations
2V5
dV5
dξ5
= −d
3Φ5
dξ35
− 2H(−ξ5) , (33)
dNe5
dξ5
− dΦ5
dξ5
= 0, (34)
Ne5 + V5 = 0. (35)
As seen from Eq. (35), the plasma in the double layer is quasi-neutral not only to
the first approximation, but also to the second one. A consequence is that the derivative
dV5/dξ5 is continuous at ξ5 = 0. Coming back to the discussion of Sec. 2, one can say
that the discontinuity of derivative dvi/dx at x = ∆ occurs not in the first approximation
in ε but rather in the second one. The latter is consistent with the second term on the
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rhs of Eq. (2), which is responsible for the discontinuity, being of the order of ε1/5, i.e.,
asymptotically small, with respect to the first term.
Eqs. (33) and (34) may be integrated term by term to give
V 25 +
d2Φ5
dξ25
+ 2ξ5H(−ξ5) = C22 , (36)
Ne5 − Φ5 = C3, (37)
where C22 and C3 are integration constants. Note that since every term on the lhs of these
equations is continuous at ξ = 0, the constants C22 and C3 do not switch their values
between the regions ξ > 0 and ξ < 0.
The system of Eqs. (36), (37), (35) may be reduced to a single equation, for example,
for the unknown V5:
V 25 =
d2V5
dξ25
− 2ξ5H(−ξ5) + C22 . (38)
A solution of this equation subject to relevant boundary conditions, which follow from the
van Dyke asymptotic matching principle [5], is found in Appendix A and depicted in Fig.
2 by the solid line for ξ5 ≤ 0 and dash-dotted line for ξ5 ≥ 0. (Here X = ξ5−0.2254.) The
constant C2 is found to be equal to 0.6714. Also shown in Fig. 2 is the function V5 (X)
referring to the transition layer separating active plasma and a collisionless sheath [17].
The two functions coincide in the range X ≤ −0.2254 and differ for bigger X .
We will need for subsequent asymptotic matching the two-term asymptotic expansion
of the functions V5 (ξ5) and N5 (ξ5) for ξ → −∞, the three-term asymptotic expansion of
the function Φ5 (ξ5) for ξ → −∞, and the one-term expansion of all these functions for
ξ →∞. These expansions may be readily found:
ξ5 → −∞ : V5 = −
√
−2ξ5 − C
2
2√−8ξ5
+ . . . , Ne5 =
√
−2ξ5 + C
2
2√−8ξ5
+ . . . , (39)
Φ5 =
√
−2ξ5 − C3 + C
2
2√−8ξ5
+ . . . ;
ξ5 →∞ : V5 → C2, Ne5 → −C2, Φ5 → −C2 − C3. (40)
Let us now consider the asymptotic matching of expansions (29)-(32) and (14)-(17)
accounting for two terms in each expansion. Making use of Eq. (39), one finds that the
matching is possible provided that α1 = ε
2/5, C3 = 0, and
V2 = − C
2
2√
8 (1− ξ) + . . . , Ne2 =
C22√
8 (1− ξ) + . . . , Φ2 =
C22√
8 (1− ξ) + . . . (41)
for ξ → 1− 0. Eq. (41) represents a set of boundary conditions for differential equations
governing functions V2, Ne2, and Φ2, which can be obtained by substituting expansion
(14)-(17) into Eqs. (11)-(13), expanding, and retaining second-order terms. However,
these functions represent a correction of the order of α1 = ε
2/5, which is higher than the
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order to which the solution is known in the double layer (ε1/5). For this reason, we leave
finding these functions beyond the scope of this work and only note that the boundary
conditions (41) are compatible with the differential equations.
Let us now consider the asymptotic matching of expansions (29)-(32) and (22)-(25)
accounting for two terms in each expansion. Taking into account Eq. (40), one finds that
the matching is possible provided that α2 = ε
1/5 and
V4 (1) = C2, Ne4 (1) = −C2, Φ4 (1) = −C2. (42)
Substituting expansions (22)-(25) into Eqs. (11)-(13), expanding, and retaining second-
order terms, one obtains equations
V4
dV4
dξ
= 0, (43)
dNe4
dξ
− dΦ4
dξ
= 0, Ne4 + V4 = 0. (44)
Solution of Eqs. (43) and (44) subject to the boundary conditions Eq. (42) is trivial:
V4 = C2, Ne4 = −C2, Φ4 = −C2.
The above results ensure a description of the illuminated plasma region to the double
layer to the un-illuminated region with the error of the order of ε2/5 (which is, presumably,
the order of the third terms of the expansions describing the double layer and the un-
illuminated region). These results allow one to construct a composite expansion [5–10]
uniformly valid in all these regions with the error of the order of ε2/5; see Appendix B.
Comparison of the above asymptotic solution with results of numerical calculations is
shown in Figs. 3-5. While analyzing Figs. 3b-3d, it should be kept in mind that Φ5 = −V5,
which follows from Eqs. (35) and (37). Dotted lines in Figs. 3 and 4 represent the data
given by Eqs. (55), (56), and (58). Values of the ion speed in the un-illuminated region
shown in Fig. 5 have been taken at points where dV/dξ attains the minimum value except
in the case ε = 0.99× 10−5, where variation of the ion speed in the un-illuminated region
was below the usual floating-point precision.
One can see the deviation between the asymptotic and numerical results is reasonably
small and decreases with decreasing ε.
4 Cylindrical geometry
One needs to consider the same four asymptotic zones as in the case of plane geometry.
A composite first-approximation solution uniformly valid from the illuminated plasma to
the double layer to the un-illuminated plasma is governed by Eq. (11) with ε = 0 and
β = 1:
V 2 − 1
V
dV
dξ
= −2
ξ
(
V 2 + 1
)
H(1− ξ) + 1
ξ
. (45)
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A continuous single-valued solution of this equation may be written in the implicit form:
ξ =
{
33/4V
(2V 2+1)3/4
for V ≤ 1
1
V
exp V
2
−1
2
for V ≥ 1
. (46)
One can see that V (1) = 1, i.e., the sonic point is positioned at the edge of the illuminated
plasma, as in the planar case. The difference is that the solution (46) is obtained without
invoking the Bohm criterion; note that Eq. (45) admits continuous solutions with V (1) 6=
1, however these solutions are multi-valued. Another difference is that V > 1 for ξ > 1,
i.e., the plasma continues to be accelerated in the un-illuminated plasma.
Most formulas of Sec. 3.3 referring to the double layer may be readily generalized in
order to become applicable to both plane and cylindrical geometries. In particular, this
includes replacing the first term on the rhs of Eq. (32) with − (2 + β) (2 + 2β)−1 ln (2 + β)
and writing Eq. (38) in the form
V 25 =
d2V5
dξ25
− 2 (1 + β) ξ5H(−ξ5) + βξ5 + C22 . (47)
A major difference between the functions V5 (ξ5) for plane and cylindrical geometries is
in their asymptotic behavior for ξ5 → ∞: for β = 1 the latter is governed by the term
βξ5 on the rhs of Eq. (47) and reads V5 ≈
√
ξ5 , which is similar to the first relation in
(39) rather than (40). Note that this difference does not lead to significantly different
behavior of the normalized electric field and space-charge density, dV5/dξ5 and dV
2
5 /dξ
2
5 :
both tend to zero as ξ5 →∞, although algebraically rather than exponentially as in plane
geometry.
Expansions (14)-(17) and (22)-(25), describing regions of, respectively, illuminated
and un-illuminated plasmas, remain applicable in cylindrical geometry except that α2
becomes equal to ε2/5.
5 Concluding discussion
The four zones with different physics revealed by numerical calculations and shown in
Fig. 1, that is, the illuminated plasma, the double layer, the un-illuminated plasma, and
the near-wall space-charge sheath appear in a natural way in the course of application
of the method of matched asymptotic expansions. The first-order terms of asymptotic
expansions of V , Ni, and Φ describing the illuminated plasma, the double layer, and
the un-illuminated plasmas represent the same quasi-neutral solution that was found
in [1] by patching solutions for the illuminated and un-illuminated plasmas and (in plane
geometry) invoking the Bohm criterion. The second-order terms are of the order of ε2/5
in the illuminated plasma; ε1/5 in the double layer; and ε1/5 in the un-illuminated plasma
in plane geometry and ε2/5 in cylindrical geometry. It is interesting to note that these
orders explain why the quasi-neutral solution for V , Ni, and Φ in Fig. 1 of this work and
Figs. 2 and 3 of [1] is more accurate in the illuminated plasma than in the double layer
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and why its accuracy in the un-illuminated plasma is comparable to that in the double
layer in plane geometry and in the illuminated plasma in cylindrical geometry.
The double layer separating the illuminated and un-illuminated plasmas is quasi-
neutral: the separation of charges here is of the order of ε2/5, i.e., asymptotically small,
although much bigger than in the illuminated and un-illuminated plasmas. The net
integral space charge (per unit cross section) of the double layer is asymptotically small,
which can be readily seen: in the first approximation it is proportional to dV5/dξ5|∞−∞ and
equals zero by virtue of boundary conditions (39) and (40). However, in plane geometry
the net integral space charge of the double layer is just sufficient to shield the ambipolar
electric field existing in the illuminated region and thus to prevent it from penetrating
the un-illuminated region. The effect of the ionization friction force [the second term on
the rhs of Eq. (2)] is as well asymptotically small in the double layer, therefore the full
energy of an ion is conserved as reflected by the relationship V5 + Φ5 = 0.
The double layer has the same mathematical nature as the intermediate transition layer
separating an active plasma and a collisionless sheath, which was introduced in [16, 17]
and revisited in, e.g., [15,18,21–23]. The underlying physics is also the same and is related
to the passage of the ion fluid through the sonic barrier [18]. In essence, the two layers
represent the same physical object: the transonic layer, which in one case assumes the
form of a double layer separating the illuminated and un-illuminated plasmas and in the
other case the form of a (positive-charge) transition layer separating the plasma and a
collisionless sheath.
In the form of transition layer separating the plasma and a collisionless sheath, the
transonic layer is difficult to identify in results of numerical solution of a full problem. In
fact, some researchers even believe that the transition layer is merely an artifact produced
by the method of matched asymptotic expansions. However, the transonic layer at the
edge of illuminated plasma, having the form of a double layer, is easily identifiable; another
proof that the transonic layer is distinguished by specific physical processes and is therefore
not less real than, e.g., the near-wall space-charge sheath.
The normalized ion speed in the un-illuminated plasma in plane geometry given by
the asymptotic analysis equals 1 +C2ε
1/5, where C2 = 0.6714. Given that V1 (ξ) equals 1
when extrapolated to ξ = 1, a natural interpretation is that the ion fluid is accelerated up
to 1 (the Bohm speed) in the illuminated plasma and from 1 to 1 + C2ε
1/5 in the double
layer. A similar interpretation applies to potential: the potential difference across the
illuminated plasma equals − ln 2 and the potential difference across the double layer is
−C2ε1/5.
The double layers in plane and cylindrical geometries are not qualitatively different as
far as distributions of the electric field and space-charge densities are concerned. However,
distributions of the ion speed are significantly different: the ion fluid in the double layer is
continually accelerated in cylindrical geometry. This is a consequence of the appearance in
the case β = 1 of an additional term (ξ5) on the rhs of Eq. (47), which governs distribution
of ion speed in the double layer. This difference may look somewhat surprising: the
double layer is asymptotically thin, i.e., locally planar, so how can its curvature affect its
structure? Note, however, that this is not the only weak effect affecting the double layer:
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the ionization and separation of charges also play a role; cf. the first and second terms
on the rhs of Eq. (47). The reason for the latter was discussed in [18] and applies to the
curvature effect as well: the balance of forces acting over the ion fluid is delicate in the
vicinity of the sonic point since the main effects (inertia force and the electrostatic force)
cancel; therefore, the weak effects (ionization, curvature, and separation of charges) also
play a role. One should stress in this connection that Eq. (47), describing acceleration of
the ion fluid in the double layer, appears in the second approximation rather than in the
first one.
In plane geometry, the ions enter the near-wall space-charge sheath with a speed
that equals the Bohm speed in the first approximation in ε. In other words, the Bohm
criterion is satisfied with the equality sign, which is a usual situation, and in the first
approximation the near-wall sheath is the usual Bohm sheath. In other words, the first
term of the asymptotic expansion describing the sheath in the considered problem is
exactly the same as in situations involving an active plasma and a collisionless sheath, for
example, in the problem treated in [17], or in a situation which would have occurred in
the problem considered here if the whole plasma were illuminated. However, the second
terms of the asymptotic expansions describing the sheath in this problem and in usual
situations should be different, which is due to the different behavior of the second-order
term in the asymptotic zone adjacent to the sheath: in this problem, the second-order
term of expansion of V in the un-illuminated plasma is constant (and equal to C2ε
1/5),
while in usual situations the second-order term of expansion of V in the transition layer
has a pole at the wall. Thus, the near-wall space-charge sheath in the plane partially
illuminated plasma is the usual Bohm sheath to the first approximation in ε but not
to the second approximation. In cylindrical geometry, the ions enter the sheath with a
speed exceeding the Bohm speed. In other words, the Bohm criterion is ”oversatisfied”;
a situation which was known to occur only in a few artificial models [11].
It has been known for many decades that a (quasi-neutral) presheath, in which the
ion fluid is accelerated up to the Bohm speed, must involve at least one of the following
three mechanisms: ion-atom collisions, ionization, and multidimensional effects; e.g., [11].
As far as ion-atom collisions and ionization are concerned, this result is somehow coun-
terintuitive: in terms of ion momentum both ion-atom collisions and ionization represent
a friction force, and why should a friction force be needed for acceleration?
An explanation of this paradox is as follows. Of course, the ion fluid is accelerated by
the electrostatic force while a friction force has a decelerating effect; cf. Eq. (2). On the
other hand, the electrostatic force in a collisionless plane subsonic quasi-neutral plasma
with frozen ionization would exceed the ion inertia force and the ion momentum balance
cannot be ensured; cf. Eq. (5) with the rhs dropped. In other words, a friction force,
while not being the reason of acceleration of a plane subsonic ion flow under conditions
of quasi-neutrality, is its necessary attribute. The problem of plane partially illuminated
plasma offers a remarkable illustration of this statement: the ion flow is accelerated in the
illuminated plasma, where a friction force due to ionization is present; there is no friction
force in the un-illuminated plasma - and therefore no acceleration.
In cylindrical geometry the rhs of Eq. (45) in the illuminated region equals −2
ξ
V 2− 1
ξ
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and is negative. In the un-illuminated plasma the rhs of Eq. (45) equals 1/ξ and is positive.
In other words, cylindrical geometry provides a retarding effect in the subsonic region and
the ion flow is accelerated due to the presence of the ionization friction force. The sonic
point occurs where the ionization friction force disappears. Cylindrical geometry provides
an accelerating effect in the supersonic region.
The possibility of experimental testing was discussed in the first part of this work [1].
In this connection, relevant is the case where the ionization profile is not described by
the Heaviside function and decays smoothly. Asymptotic structure of the solution will
remain the same in this case provided that the decay is fast (occurs on a length scale much
smaller than widths of both illuminated and un-illuminated plasmas). In particular, there
will be a quasi-neutral double layer, where the sonic transition occurs. The theory of the
double layer developed in this work will remain applicable if length scale of the decay is
much smaller than ε2/5∆.
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A Finding solution for the plane double layer
In the region ξ5 > 0, Eq. (38) does not explicitly depend on the independent variable (is
autonomous) and admits an analytical solution, which may be found as follows. Multi-
plying this equation by dV5/dξ5 and integrating, one finds
V 35
3
=
1
2
(
dV5
dξ5
)2
+ C22V5 + C4, (48)
where C4 is an integration constant. Solving this equation for (dV5/dξ5)
−1, choosing the
sign in the square root with the use of the assumption that dV5/dξ5 > 0 and integrating,
one obtains the desired solution in an implicit form
∫ V5
C5
dV5
(V 35 − 3C22V5 − 3C4)1/2
=
√
2
3
ξ5, (49)
where C5 is a new integration constant. Since the solution should exist for all positive
values of ξ5, the integral on the lhs of Eq. (49) should diverge at a certain value of V5.
The latter value should be finite, since the integral converges as V5 → ∞, and should
represents the double root of the cubic polynomial in the parentheses in the denominator.
Such a root exists provided that C4 = −2C32/3 and equals C2. Then the integral may be
evaluated analytically and the solution may be transformed to an explicit form:
V5 = 3C2 tanh
2
(√
C2
2
ξ5 + arctanh
√
C5 + 2C2
3C2
)
− 2C2. (50)
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The solution involves two integration constants, C2 and C5, which have the meaning
C2 = V5 (∞) and C5 = V5 (0). It should be the case that C2 > 0, −2C2 < C5 < C2.
Let us now consider Eq. (38) in the region ξ5 ≤ 0. The boundary condition at ξ5 = 0
is expressed by Eq. (48) with C4 = −2C32/3; we recall that not only V5 (ξ5) but also
dV5 (ξ5) /dξ5 are continuous at ξ5 = 0 as discussed in Sec. 3.3. Another boundary condi-
tion is obtained by matching two terms of the expansion (29) with the first term of the
expansion (14) and reads
ξ5 → −∞ : V5 = −
√
−2ξ5 + . . . . (51)
Note that the problem (38), (48), (51) coincides with the problem describing the inter-
mediate transition layer separating active plasma and a collisionless sheath [17] except
for a different boundary condition at ξ5 = 0. Another substantial difference is in the
way in which Eq. (38) was derived: in [17] it was derived by means of invoking the next
(third) term of the asymptotic expansion (29)–(32), while in this work it was derived in
a straightforward way from Eq. (11); see discussion in [18].
Constant C2 may be eliminated from Eq. (38) by means of substitution ξ5 = X+C
2
2/2:
d2V5
dX2
= V 25 + 2X. (52)
Note that this equation coincides with the first Painleve´ equation (e.g., [24, 25]) to the
accuracy of transformation X = 31/5X˜ , V5 = 2× 33/5Y .
Asymptotic behavior for X → −∞ of solutions of Eq. (52) satisfying the matching
condition (51) may be found to be
V5 = − (−2X)1/2 − 1
8X2
+ · · ·+ C6
(−X)1/8
exp
[
i
211/4
5
(−X)5/4
]
(1 + . . . )
+
C7
(−X)1/8
exp
[
−i2
11/4
5
(−X)5/4
]
(1 + . . . ) , (53)
where C6 and C7 are arbitrary constants. The last two terms on the rhs of this expression
are oscillatory and have to be eliminated in order that the asymptotic matching be possible
beyond the first order; i.e., one should set C6 = C7 = 0. Thus, the proper boundary
condition for Eq. (52) is given by Eq. (53) with C6 = C7 = 0 and this boundary condition
specifies a unique solution of Eq. (52). Note that this conclusion coincides with the
corresponding conclusion in [17], although Eq. (53) is not exactly the same.
A convenient way of numerically finding the function V5 for ξ5 ≤ 0 is as follows:
Eq. (52) is integrated with the initial condition V5 = − (−2X)1/2 − 1/8X2 from a large
negative X in the direction of increasing X until the condition (48) written in the form
V 35
3
=
1
2
(
dV5
dX
)2
− 2XV5 − 2
3
(−2X)3/2 . (54)
has been met. The value X = X0 at which the latter happens corresponds to ξ5 = 0, so
one can find the constants C2 =
√−2X0 and C5 = V5 (X0).
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This calculation results in the function V5 (X) shown in Fig. 1 by the solid line with
X0 = −0.2254, C2 = 0.6714, C5 = −0.9262. Also shown in Fig. 1 is the dependence
V5 (X) in the range X ≥ X0, described by Eq. (50); the dash-dotted line. The dashed
line represents data obtained when the numerical calculations described in the previous
paragraph are not stopped when Eq. (54) has been satisfied but rather continue until
a pole has been encountered; a procedure identical to the one employed in [17]. These
data refer to the transition layer separating active plasma and a collisionless sheath. The
dotted lines represent asymptotic behavior described by the first two terms on the rhs of
Eq. (53) and by expressions V5 = 0.6714 and V5 = 6 (X −X1)−2, where X1 is the position
of the pole evaluated as 31/5 times the value 2.384 determined numerically in [17].
B Composite asymptotic expansion
The composite expansion of the ion velocity uniformly valid in the illuminated plasma
region to the double layer to the un-illuminated region is obtained by adding the expansion
(29) and the first term of the expansion (14) and subtracting the common part:
V (ξ, ε) =
ξ
1 +
√
1− ξ2 +
[
1 + ε1/5V5 (ξ5)
] − [1−√2 (1− ξ)] , (55)
where the first and third terms on the rhs should be discarded for ξ > 1. In the illuminated
plasma, the second and third terms on the rhs of Eq. (55) virtually cancel and the first term
is dominating as it should; in the double layer the first and third terms virtually cancel
or are discarded and the second term is dominating as it should; in the un-illuminated
plasma the first and third terms are discarded and V = 1+C2ε
1/5, again as it should be.
Error of Eq. (55) is of the order of ε2/5 from the illuminated plasma to the double layer
to the un-illuminated plasma.
The composite expansion of potential of the same accuracy is obtained in a similar
way and reads
Φ (ξ, ε) = ln
1 +
√
1− ξ2
2
+
[− ln 2− ε1/5V5 (ξ5)]− [− ln 2 +√2 (1− ξ)] . (56)
The first-approximation composite expansion of the electric field is obtained by differ-
entiating Eq. (56) and reads
− dΦ
dξ
=
ξ√
1− ξ2 + 1− ξ2 + ε
−1/5dV5 (ξ5)
dξ5
− 1√
2 (1− ξ) . (57)
Relative error of this formula in the double layer is of the order of ε1/5.
A deficiency of Eq. (57) is a discontinuity at ξ = 1, which stems from the limit for
ξ → 1 − 0 of the sum of the first and third term on the rhs being non-zero (it equals
−1). This discontinuity is of the order ε1/5 relative to the main term and disappears in
the next approximation. Imagine, for example, that the second term of the expansion of
15
the electric field in the double layer [i.e., the term associated with the third term of the
expansion (32)] is −1
2
+ 1
2
tanh
(√
C2
2
ξ5
)
. Then the composite expansion of the electric
field would be
−dΦ
dξ
=
ξ√
1− ξ2 + 1− ξ2+
[
ε−1/5
dV5 (ξ5)
dξ5
− 1
2
+
1
2
tanh
(√
C2
2
ξ5
)]
−
[
1√
2 (1− ξ) − 1
]
.
(58)
Relative error of this formula in the double layer would be of the order of ε2/5 and the rhs
of Eq. (58) is continuous.
In reality, Eq. (58) is of course no more accurate than Eq. (57): while the second term
of the expansion of the electric field in the double layer is absent from Eq. (57), in (58) it
is taken into account in a form which can be only qualitatively correct at best. However,
Eq. (58) gives a continuous distribution of the electric field and is therefore preferable for
illustrative purposes.
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Fig. 1. Distributions of the ion speed and electric field. Solid: numerical
calculations, S = 2, ε = 0.89× 10−4. Dotted: patching.
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Fig. 2. Asymptotic solution for distribution of ion speed in the vicinity of the sonic
barrier. Plane geometry. Solid + dash-dotted: double layer at the edge of illuminated
plasma. Solid + dashed: transition layer separating active plasma and a collisionless
sheath. Dotted: asymptotic behavior for large |X|.
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Fig. 3. Distributions of normalized parameters in the double layer: the ion speed (a),
the potential (b), the electric field (c), and the density of space charge (d). Solid:
numerical calculations for S = 2 and ε = 1.26× 10−3 (line 1) or 0.99× 10−5 (2).
Dashed: second-order term of the asymptotic expansion describing the double layer.
Dotted: composite expansion.
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Fig. 4. Distributions of ion speed in the double layer and the un-illuminated plasma.
Solid: numerical calculations for S = 2 and ε = 1.26× 10−3 (line 1), 0.99× 10−5 (2),
0.89× 10−4 (3). Dotted: composite expansion.
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Fig. 5. Ion speed in the un-illuminated plasma. Line: asymptotic solution.
Points: numerical calculations.
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